PERIODIC NONLINEAR SCHRODINGER EQUATION 
IN CRITICAL if^(T") SPACES 
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5^ , Abstract. In this paper we prove some multi-linear Strichartz 

^ ' estimates for solutions to the linear Schrodinger equations on torus 

T". Then we apply it to get some local well-posed results for 
nonlinear Schrodinger equation in critical iJ*(T"') spaces. As by- 
products, the energy critical global well-posed results and energy 
subcritical global well-posed results with small initial data are also 
obtained. 
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1. Introduction and main result 
In this paper we study the initial value problem 

iut — Am = il'up'^M 



>• . I u{0,x) = 4>{x), 

00 ■ ^ 

m I where m is a complex-valued function, A; G N and T" = M"/(2'7rZ)"' 

with n > 1. Equation ([1]) is called defocusing when the sign is — and 

focusing with -|- sign. The solution of ([1]) is invariant under the scaling 



with initial data ma.o = \^^''(p{\x). Let 



X : '-'' = 2 " fc ^^> 

c^ , and it is easy to see that H^"'' is the critical space respect to scaling, 

see [2] for more argument on critical spaces. For the equation ([1]) on 
Euclidean spaces, local well-posed theory and small data scattering 
theory in critical spaces was established by Cazenave and Weissler [2j. 
And Colliander-Kell-Stafiilani-Takaoka-Tao |3j extended it to any large 
data in defocusing case. But there were few well-posed results for 
periodic case ([T]) in critical spaces until recently. 

In [Ij, Bourgain studied the semilinear Schrodinger equations by 
Strichartz estimates and X'^'^ spaces, and got the following results: 
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Theorem 1.1 (BourgainpLj). For the initial value problem ([T]), we have 

• If n = 1 and k > 3, 1^ is local well-posed for G H'^iT), 
provided s > si^k- 

• If n = 2,3 and k > 2, (^ is local well-posed for (p E H^{T^), 
provided s > Sn,k- 

• If n > 4 and k > 1, (^ is local well-posed for (p e if''(T"), 
provided s > Sn,k- 

Additionally, if Sn,k < 1, then ([1]) is globally well-posed for sufficiently 
small initial data G II^{T^). 

Remark 1. Bourgain [I] considered more general setting k G M+, and 
here we just hst the cases for k eN, since we only consider such cases 
in this paper. 

Remark 2. This result can be summarized as if^ subcritical local well 
posedness and H^ subcritical global well-posedness. The global results 
are relay on the Conservation Laws, for solutions m of ([1]) we have 
energy conservation 

E{u{t)) = ]-[ \Vu{t,x)\^dx + ]: [ \u{t,x)\^''^^dx = E{(l)), (3) 

and Mass-conservation 

M(u{t)) = l- I \u{t,x)\^dx = M{^). (4) 

2 Jjn 

Recently, Herr, Tataru and Tzvetkov [5] extend Bourgain's results 
to critical regularity when n = 3 and k = 2, which is energy critical 
case and they got. 

Theorem 1.2 (Herr, Tataru and Tzvetkov [5]). For the initial value 
problem 

* . , . ' ' (a:, t) G T^ X R, (5) 

u{\},x) = (pyx), 

we have local well-posed for cf) G H'^iT'^), provided s > 1. If in addition 
the H^iT^) norm of the initial data (p is sufficient small, the solution 
could be extended to any time. 

Remark 3. By ([2]), we see that the critical index of ([5]) is 53,2 = 1, 
which means that ([5]) is H^ critical case. This result extend Bourgain's 
result to the critical end point space H^. 

Remark 4. In Bourgain's fundamental paper |1], the sharp Strichartz 
estimates (for some p > ^"'"'" ' ) was deduced under frequency localiza- 
tion, which will cause trouble when we want to sum the frequency pieces 
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together, since there is no extra decay. Herr, Tataru and Tzvetkov 
[5] overcame this difficulty by applying a trilinear Strichartz estimate, 
which will give extra decay when the frequencies separat away from 
each other. Their argument also relies on U^, V^ based critical func- 
tion spaces, which is a effective substitution of Bourgain spaces for 
critical problems, see [TJ [U HJ |6] . 

The main purpose of this paper is to generalize Herr, Tataru and 
Tzvetkov' s result, which only consider ([1]) with n = 3 and A; = 2, to 
more general setting ([1]). And the main results are. 

Theorem 1.3 (Main Results). For the initial value problem (^, we 
have 

• If n = 1 and k > 3, i^ is local well-posed for G H^{T), 
provided s > Si^k- 

• If n = 2,3,4 and k> 2, IQ is local well-posed for (p e if"(T"), 
provided s > Sn,k- 

• If n > 5 and k > 1, (^ is local well-posed for (j) G W^iT^), 
provided s > Sn,k- 

Additionally, if Sn,k ^ !> then the ([T]) is globally well-posed for suffi- 
ciently small initial data (j) G H^iT^). 

Remark 5. For initial value problem ([T]), this theorem extend Bour- 
gain's subcritical results to critical spaces, and also generalize Herr, 
Tataru and Tzvetkov's result which only consider 3-dimension case 
with quintic nonlinearity. The condition Sn,k < 1 implies that n = 1,2 
for all k, or n = 3 for k = 2. 

Remark 6. Our main new tool is a multi-linear Stricartz estimate for 
solutions to linear Schrodinger equation, which ensure a decay when 
the high-low frequencies separate away from each other. We also need 
the critical function spaces based on U^ and V^ to make sure there 
is no loss in the inhomogeneous estimate. The multi-linear Stricartz 
estimates is the generalization of the trilinear ones used by Herr, Tataru 
and Tzvetkov [5J, on which our approach heavily relay. 

Remark 7. Our results couldn't cover the case for n = 4 and k = 1, 
which is the energy critical cubic Schrodinger equation 

iut — Au = ±\u\'^u / X ^4 ^ 

, ,, ' (x,t)GT^xM. (6) 

u\t=o = (p{x). 

Since in dimension n = 4 the L^ Strichartz estimate is the endpoint 
case, see [H Proposition 3.6]. But our argument relay on a perturbation 
of L^ with the index p around 4, see for example [5l Proposition 3.5], 
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where they abandon L^ but adopt W and L'^ with p < Q < q. Such 
argument is crucial to gain decay between high-low frequencies. 

The outline of the paper is as follows: In Section [2] we give some 
notations and preliminary lemmas. In Section |3] we prove multi- linear 
Strichartz type estimates. In Section H] we show the main nonlinear 
estimates, which will imply our main results. 



2. Preliminaries 

In this section we will give some notations and preliminary lemmas 
that will be used in this paper. 

We write A < B io indicate that there is a constant C > such that 
A < CB, and we denote A ^ B when A < B < A. Define the spatial 
Fourier coefficients 

m ■■= ci I e-"«/(x) dx, e e Z", 

and the space time Fourier transform 

J^M(r,0 := C2 / e-^(^-«+*")M(t,a;) dtdx, (r,0 G K x Z", 

where Ci,C2 are explicit constant. 

Let ip G C^((— 2, 2)) be a non- negative, even function satisfies iIj{s) = 
1 for |s| < 1. Let A^ G 2^ be a dyadic number and define 

MO = Hm i'NiO = MN-'0-M^N-'0, for AT > 4. 
For / G L^ (¥"■), we define Littlewood-Paley projection operator 

and define P<n '■= J2i<m<n ^m- More generally, for a set S C Z" 
and xs denoting the charac~teristic function of S, we define the Fourier 
projection operator 

i^(0 = X5(0/(0- 

Let s G M, we define the Sobolev space if'^(T") by the norm 



N>1 
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The function spaces. The U^ and V^ spaces will be used to construct 
our main function spaces, but we only recall some of their properties 
and refer the reader to [H Section 2] for detailed definitions and proofs. 
For s G M we let U^H'^ and V^H'^ be the spaces with norms 

ll'^ll;/^^'' = l|e~' u\\up{R,H''), ll'"lly|H= = l|e~* u\\vp{r,h'')- (7) 

And the following continuous embedding (see |H Proposition 2.2]) will 
be used in this paper 

U^H' ^ UlH' ^ L°°(M; H'), for all 1 < j9 < g < cx). (8) 

Spaces of such type have been successfully used as substitutions for 
X'^'^ spaces which are still effective at critical scaling, see for instance 
[3 El SI El E] • Now we are ready to define the main resolution spaces. 
Let X^ be the space defined by the norm 




and y^ be the space defined by the norm 

My^--= (j2(0'le^'^^^''Mt)mlA . (10) 

Also we can define the spaces X{I) and Y{I) to be the restriction of the 
original spaces on the time interval / C M. The following continuous 
embeddings hold (see c.f. [S]): 

UlH' ^ X' ^Y' ^ VlH'. (11) 

Let Z" = UCfc be a partition of Z", then 

Ell^^^^lI'vlH^J ^ll^ll^- (12) 

>> k J 

We will use a interpolation property of the spaces U^ and V^, reader 
could find the linear and trilinear version in [H Proposition 2.20] and 
Lemma 2.4], the proof for the following multi-linear version is similar. 

Lemma 2.1. Let qi,- ■ ■ ,qk > 2 and 

T -.W' X ■■■xU"" ^ E 
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be a bounded, multi-linear operator satisfy 

k 

k 
||r(Mi,--- ,M3)||l2 <C2 JJ||Mj||(72, 

i=i 
with < C2 < Ci- Then we have 

k 



■V2. 



||T(ni,---,«3)||L2<C2(ln^ + l) nil". 

The following two linear estimates could be found in [5, Proposition 
2.9 and 2.10]. 

Lemma 2.2. Zet s > 0, < T < cx) and (p e H'{T'). Then 

||e**^0||x^([o,T)) < 11011//=. (13) 

Let / G Ll,{[0, cx)); ^^(T")) and define 

X(/)(t):= te^^'-^^^f{s)ds, (14) 



JO 

for t > and I{f){t) = otherwise. We have the following linear 
estimate for the Duhamel term. 

Lemma 2.3. Let s > and T > 0. For f e Li([0,T); i7^(T")) we 
haveX{f) gX^([0,T)) and 

||2:(/)|U=([0,T)) < sup 



v&—([0,T)):\\v\\y.,=l 

3. Strichartz estimates 



f{t,x)v{t,x)dxdt 

JT'^ 



■ (15) 



In this section, we will use Bourgain's L^ Stricartz estimates to prove 
a multilinear Strichartz estimate, which is the main new tool in this 
paper. The key observation is that the period Stichartz estimates only 
related to the measure of the frequency supports, see [H E] for more 
detailed discussion. 

Definition 3.1. We say that (ra,p) G N x R is admissible pairs if 

n =1, p > 6; 

n=2,3, p>4; (16) 

2(n + 4) 
n 
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We will only use Strichartz estimates with {n,p) in this range, since in 
this range the following Strichartz estimates are sharp. 

We first recall Bourgain's fundamental Strichartz estimates. Let A^ 
be a dyadic number, and Cn denote the collection of cubes C C Z" of 
side-length N > 1 with arbitrary center and orientation. 

Lemma 3.2 (Bourgain yij). For all N > 1 and admissible pairs {n,p), 
we have 

■ , A 71 n + 2 

II^Tve' 0||LP(TxT")<Ar2 P ||P^0||^2(Trn). (17) 

More generally, for all C G Cn and admissible pairs (n, p) we have 

WPce^'^^LnTxT-) < iVt-^ \\Pc4>\\lht-}- (18) 

Remark 8. Under the admissible condition f lT6|) . the Strichartz esti- 
mates flTTl) and flTSj) are sharp, which means that one could apply those 
estimates to get 'almost' critical well-posedness (see c.f. Theorem ll.il) 
ignoring log divergence. The estimate flTSl) shows that it only depend 
on the measure of the frequency's support, not the position. 

In order to employ more orthogonality between different frequency 
pieces of Schrodnger evolution, we need further decompose the fre- 
quency piece. Let 71m{N) be the collection of all sets in Z" which 
are given as the intersection of a cube of side length 2N with strips of 
width 2M, i.e. the collection of all sets of the form 

(^0 + [-iV,iV]") n {e G Z" : |a -e - A| < M} 

with some ^o G Z", a G M", \a\ = 1, A G M. For all 1 < M < A^ and 
R G 71m{N), by Bernstein inequality we have 

||Pije'*'^0||L-(TxT") < M^AT V \\PR<P\\LHT-y (19) 

By Holder's inequality with the estimates flTSj) and flT9l) we get 
Lemma 3.3. For all 1 < M < N and R e 7^M(iV) we have 

... n n + 2 I M\ 

||PKe'*^0|U.(TxT") < N^~~ ( ^ j ||Pfi0||L2(Tn), (20) 

where {n,p) are admissible pairs defined in (TT6|) . and for n = 1, < 
6 <^-^;forn = 2,3,0 <6<^-^;forn > 4,0 <6<^-^:^. 

2 p' ■' '' 2 p' ■' — ' 2 np 

We conclude this section with our key multi-linear Strichartz esti- 
mates: 
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Theorem 3.4 (Multi-linear Strichartz estimate). Assume Ni > N2 > 
■ ■ ■ > Nk^i > 1, Uj = e^^^(f)j and 

n = 1, A; > 3; n = 2, 3, 4, A; > 2; n > 5, A; > 1. (21) 

Then there exist 5' > 0, such that 






n^ 



7V,M. 



(22) 



fc+i 
i=2 



Remark 9. Theorem 13.41 is the main new tool in this paper, the proof 
base on the idea from [5], where the trilinear Strichartz estimate is 
studied. The condition f l2T]) is also the condition for the Theorem II. 3[ 
which comes from the admissible condition f lT6|) . 

Proof. By orthogonality, it suffices to prove 



PcPn,u^\{Pi 






i=2 

fe+1 

niv;-iip^^,0,iu., 

i=2 

where for all C G CjVa • Now fix one C and let ^0 be the center of C. We 
partition C = URi into disjoint strips with width M = max{A^|/iVi, 1}, 
which are all orthogonal to ^o; 

i?z = {e G C; ^ ^0 e [l^olM/, |eo|M(/ + 1))}, |Z| ^ iVi/M. 

It is easy to see that Ri G 1Zm{,N2), and we decompose 

fc+i fe+i 

PcPn^Ui JJ PnMj = ^ Pr^Pn^Ui JJ Pat^Mj 

j=2 i i=2 

and we will show that the sum are almost orthogonal in L^(T x T"). 
Indeed, for ,^1 G Ri we have 

l^il' = ^l^i-^oP+lei-eoP-^|(6-eo)-eoP = M¥ + 0(M2/), 

Kor Kor 

since A^| < M^L The factor Y\.j=2 PnjUj only alter the time frequency 
by at most 0(A^|). Hence the expressions PriPn:iUiY[j=2 P^j'^j are 
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localized at time frequency M^/^ + 0{M'^l) and thus are almost or- 
thogonal, 

PcPn.Ui W Pn^ Uj ^^-^W Pri Pn.uiW Pn^ Uj \ \ ^2 

j=2 I j=2 

If A; = 1, which implies that n>5. Let p G [^^^, 4) and q e (4, ^] 
satisfy | = ~ + ~) then by Holder inequality we have 

\\Pr^Pn^UiPn2U2\\l^ < \\PriPniUi\\lp\\Pn2U2\\li, 

then we apply Lemma 13.21 and Lemma 13.31 to continue with 

n n + 2 n n + 2 ^ \ 

It is easy to see that N^^ " N^ " "'' = 1 and ^ = (^ + j^j, 

thus we finish the proof for this case by summing up the squares with 
respect to /. 

If /c > 2, let Pn,k = {n + 2)k, then we have 

Let p satisfies the conditions 

12A; , 
6 < p < for 71 = 1; 

k + 2 

4 < p < ^kin + 2) 2, 3, 4; (23) 

^ nk + 2 ' ' ' ^ ^ 

2(n + 4) 4fc(n + 2)^ 

^ <P < — -, for n > 5; 

n nk + 2 

The existence of such p is implied by ( 12T]) : and the lower bound of p 
implies that each {n,p) is admissible, and the higher bound guarantees 
that 

n - ^^^^^ - .„.. < 0, (24) 

p 

which will be used latter. By Holder's inequality with some q such that 

2 k-2 11 

- + + - = o' 25 

p Pn,k q 2 
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where (n, q) is also admissible, then we have 



Pr^PniUiY[PnjUj 



i=2 



L2 



^ 1 1 -Prj-P/Vi Will LP 1 1 -P/V2 "^2 1 1 LP _[_[ \\PNjUj\\i^Pn,k\\PN,,+:i^Uk+l\\Li, 

applying Lemma [3.21 and Lemma [3.31 to continue with 



2(n + 2) 
n i^ — ■ — -- 



Vfe^f-^-^n../M^^ 



'fc+1 



[jfj ll^«.^«.*'ll^' 



X 



^2"'1I^A'2 02||L2A/'fc+l \\PNk+i<Pk+l\\L2 Yl ^i"'' \\Pn,(Pj\\l2, 

J=3 



where Sn,k = f ~ i defined by (|2]). In view of (125|) . we have 

2(n + 2) _n n + 2 



P 



Q 



2(n+2) 



Then since —n + ^'■"'"'"^'' + s„^jt > by flMl) . we finially get 



fe+i 



Pi?,PAriniJJPj 



^,^1 



i=2 



L2 






k+1 



X 



n^r''ii^^.<^^-ii^^' 



i=2 



where < 6 <^ I and ;^ = ( ^ + ]^ ) ■ We can select p such that 

2(n + 2) 



—n + 



P 



+ s„k = S, 



and continue the estimate with 






Nj(Pj\\L2- 



Then ( 122|) follows by summing up the squares with respect to /. D 



critical nls on torus 11 

4. Nonlinear estimates and the main results 

Before we proof the main nonlinear estimates, we need a embedding 
result, where the Strichartz norm could be bounded by f/^ type spaces. 
Such extension result is well known for Bourgain type spaces. 

Corollary 4.1. For all N >1, C E C^ and admissible pairs {n,p) we 
have 

n n + 2 

||-Pcm||lp(TxT") < A^^ " \\Pcu\\uiL2- (26) 

Proof. We refer the reader to |4^ Proposition 2.19] and [5l Corollary 
3.2] for the detailed proof. D 

Now we are ready to proof our main L^ multi linear estimates. 

Proposition 4.2. Assume n = 1, k > 3; n = 2,3,4, k > 2 and n > 5, 
k > 1. For any Ni > A^j+i > 1 for all i E {1,2, ... ,k — 1} and any 
interval I C [0, 2tt]. Then there exists a 6 > such that 



''^^ 'iVfc+i , l^^, .. „ ^.^.\, .^ 

" " " '^NjUj\\Y''n,k, 

j=l ■■" '•'— ' -- -■- j=2 

(27) 



J. J. J J i2(/xT") \ N\ A'2/ -'■-'■ 



where Sn,k = f "" i ^-^ ^^^ critical index. 
Proof. It is enough to prove 

AT 1 A 

Pn^PcUi Yl Pn.Uj ^^ <\\Pn,ui\\yo [-^^ + 



N, 



k 

l[N'."^'\\Pr,M,\\YO, (28) 

i=2 

where / = [0, 27r] and C G Cn2- In view of f lTT]) . we could replace F° 
by V^jL^. Then by Lemma 12.11 fl28|) follows from the following two 
multi-linear estimates: 

PcPn.^iUPn,u,\\ < (^\ llN;-^\\P^^u,\\ur^.,. (29) 

J=2 ^ 2 ^ i=2 

where ri = 6, r2 = rs = 4, r„ = -^^^^ — ^ for n > A, and 

j=2 ^ ^ ^/ j=2 

(30) 
for some 6' > 0. 
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We first consider ( l29l) . li k = 1, which imphes that n > 5. Let 
P e [^^,4) and q G (4,^] satisfy | = i + i, then by H51der 
inequahty we have 



p q' 



\\PcPniUiPn2U2\\l2 < \\PcPniUi\\lp\\Pn2U2\\li, 

then we apply Lemma 13.21 to continue with 



n 7i-f-2 n Ti-f 2 



IPhPa 



2N. 



Sn.l I 



C-r^iVi<Pl||L2JV2 ||r-Af2<P2||L2. 



n n + 2 ri n + 2 

Since A^a' ' ^2' ' ' 



■Sn.l 



1, thus we get 1^ with A; = 1. 
If fc > 2, by Holder's inequality with p^^k, P and q being the same 
ones in the proof of Theorem 13.41 and we get 



PcPn,u,1[P, 



N,U, 



J=2 



L2 



<\\PcPN^Ui\\Lp\\PN2U2\\LvW\\PNjUj\\iPn,k\\PN^^iUk+l\\Li 

then by (l26l) . we continue with 



2(n + 2i_ n_n + 2_ 

r\j 2 



^n.k I 



AT"^ <? "•'"' T~) T~> AT" ^j"^ O 



X A^^;'^'||PjVfe+iMfc+l||{/9L2 JJiVj'"'''||P7V,Mi||,r''n,fe 

i=3 



^a,j||^K„,fc^2, 



By dH]) we have U^^L'^ ^ UlL"^ ^ U^'-'L"^ ^ U^L'^. In view of the 
choice of p, q we have 

2(n + 2) 



n — 



P 



- Sn,k <0, 



2(n + 2) _n n + 2 

'^ ~r + Sn,k "TZ ^n,k 

P 2 g 

Then we finish the proof by letting S' = —n -\ — — — - + Sn,k- 

In view of the atomic structure of the f/^ spaces (see e.g. [H Propo- 
sition 2.19]), the second bound (!30|) reduce to: for Uj = e**^0j we 
have 



fc+i 



PcPNrUiY\_PNjUj 



< 



L2 



Nk+1 ^ 1 



S' fc+l 



j=2 ^ ^ ^^ j=2 

which is just the Multi- linear Strichartz estimate (1221) . 



nivMiP7v,u,iu2, 



D 
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In order to prove Theorems 11.31 we need the following nonlinear esti- 
mate, which is implied by Proposition 14.21 The argument is standard, 
see c.f. [1] and [5]. 

Proposition 4.3. Assume {n,k) as in Proposition \4.^ and s > Sn,k, 
0<T <27i, anduieX'{[0,T)),l = l,...,2k+l. Then 



2fc+l 

|x( n ^i) 

k=l 



X={[0,T)) 



2k+l 2fc+l 

~ Z2 il"ill^"([o,T')) 11 lkdlx=".fc([o,T)), (31) 
i=i 



1=1 



where ui denotes either ui or ui. 

Proof. We can assume that ui G if°°(T") by density argument. Denote 
/ = [0,T), and let A^ > 1. Proposition 12.31 implies 



2fe+l 

\a n ^') 

1=1 



f27r I- 2fc+l 

< sup / / 11 uivdxdt. 
Jo Jt^ 

=1 



X'il) i,sy-s(/): Jo Jt^ i^-^ 



Denote Mq = v. Then it is sufficient to prove 



2k+l 



/xT" 



I I tt; dxdt 



< 



\Uo\\y-^{I) 



2k+l 

i=i 



2fc+l 

n 



\ 



^j\\x'{i) XX iF«iix=">fc(/) 



1=1 



I 



In view of the definition of X'^(/), for the above we only need to prove 



2fc+l 



/xT" 



11 Mi dxdt 



1=0 



< 



2k+l 



Filk' 



V 



2A:+1 

n 



Im/IIx"".* 



(32) 



/ 



We decompose ui into frequency dyadic pieces, 

Ni>l 

liNi>N2>---> N2k+i, and 

2fe+l 

I I PniUi dxdt 



/xT" 



7^0, 



then we must have that 



A^i ^meix{No,N2}. 
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Then, by the Cauchy-Schwarz inequahty and symmetry it suffices to 
show that 

k k 



Af 1=0 


r2 ||^^2i"2i 
^ 1=0 


2k+l 


2fc+l 

Ui\ x''",k, 



L2 



(33) 



]\T^n,k II 7^ II 

iV, \\Fn,Ui\\yO. 



where J\f is a. subset of 

{(A^o, Ni,..., N2k+i) G Z^'''+^; Ni are dyadic numbers} 

satisfying 

iVi > A^s > ■ ■ ■ > N2k+i, maxjA^o, N^} ^ N,. 

We subdivide the sum into two parts S = Si + S2: 

First assume that N2 < Nq ^ Ni, then Proposition 14.21 imphes 

Sum N2, ■ ■ ■ , A^2fc+i together by Cauchy-Schwarz, and obtain 

2fc+l 

•S*! < ^ ||-PAro«o||yo||-P7ViMl||yo ]^ ||Mz||y=n.fc. 
Afo«^iVi 1=2 

Then sum A^i by Cauchy-Schwarz we get 

2fc+l 
Z=2 

as needed. 

Now if Nq < N2 ^ Ni, then by Proposition 14.21 we have 

<5 2fc+l 



52 ^ ^ '^^1=0 



]\T^n,k Mo II 

iV, \\Fn,Ui\\yO 



\ /Vi /Vo/ 

52 

By Cauchy-Schwarz we sum N^, ■ ■ ■ N2k+i together and obtain 

2fc+l 

'S'2 < ^ A^o"''°||-PiVo%l|yo|l-PAfi^i||yo||-PAf2^2||yo Jl^ Ikzlly'n.fc- 

Aro<A'i~Af2 Z=3 

Then apply Cauchy-Schwarz with respect to A^o to obtain 

2fc+l 

{~^ ,r^ ^^ A T^~' ^Tl fc II II II 7^ II II 7^ II I I 1 1 II 

•^2^ Z^ ^1 ' ll^o||y-HI-^Afi^il|yo|MA'2^2||yo J_J_ llMHIy^.fe- 

NiK.N'2 1=3 



CRITICAL NLS ON TORUS 



15 



Finally, we apply Cauchy-Schwarz with respect to Ni to obtain 

2k+l 

S2 < ||Mo||y-''||Mi||y'' Y\. Il^^ili'""'*- 



1=2 



Thus the proof is complete. 



D 



Proof of Theorem \1.3{ . The general argument of the proof is well-known, 
see e.g. [H |5]. We only study the critical case s = Sn,k for small data 
here for an example, and refer the readers to [5] for more details. 
Our aim is to solve the equation 



u =e''^6 + c 



JtA, 



+ cl{\uru 



(34) 



From ( !T3|l we have 



JtA. 



|x'",fc([0,T)) 



< 



and from fl3T|) we have 
and 



X^n,fc([0,T)) 



< c\\u 



H" 



|2fc+l 



X=",fc{[0,T))' 



<c(||u 



l2k 



X''".'=([0,T)) 



+ V 



X''".fc([0,T)) 
2k 



(35) 



X^",fc([0,T))^ 



\U — V\\ Y^n„k 



x'">fe([o,r))5 



for all < T < 27r and u,v & X*"''=([0,T)). 

Now we assume that the initial data ||0||//=n,fe < e with < £ ^ 1 
to be determined, and consider the compact set 

D, := {u e X^-'=([0,27r)) nC([0,27r);/7^-'=(T")) : ||m||x«„,.([o,2.)) < <^}. 

where the parameters 6 will be chosen latter. We are about to solve 
f p^ by the contraction mapping principle in Ds, for (p E B^. We have 



JtA, 



+ cX(|n|^'=n)||^=„,.([o,2.)) <e + c6''^' < 5, 
by choosing 

S = (4c) "2¥ and e = 6/2. 
By fl35l) and fl36|) we have 



(36) 



2fc„ 



X(|M|^'^u-|t;r''t; 



IX''".'=([0,27r)) 



< - W — v\ 



X*".ft{[0,27r))) 



which shows that the nonlinear map ( 1341) has a unique fixed point in 
Ds, thus we solve ([1]) with small initial data. D 
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